iNEW  YORK  UNIVERSITY 

WASHINGTON  SQUARE  COLLEGE  OF  ARTS  AND  SCIENCE 

MATHEMATICS  RESEARCH  GROUP 

RESEARCH  REPORT  No.  EM.52 


^Occcxx+ 


DIFFRACTION  BY  A  TIPPED  WEDGE 

WITH  APPLICATIONS  TO  BLUNT  EDGES 

by 
SAM  KARP 


CONTRACT  No.  AF.19(122).42 


Errata 

Page  11       Eq.    (3.2)  In  denominator  of  intef^ranH   change 

"    cos(Ti/n  -  cos|0+5^)/yI  " 
to  read 

"    oos(ti/x)  -  cos[(B+9f)/Y]  " 

Page  13,     5th  line  from       In  expression  for  |h-.(©,^)|    change 
bottom 

"eJ"       to  read    "H^" 

Page  15,  8th  line  from   Change  "  pages  (16)  and  (I?)" 


bottom 


to  read  "pages  (17-a)  and  (16)  respectively" 


Page  15,  Uth  line  from   Omit  "for  these  angles" 
bottom 

Page  1$,  Uth  line  from   Change  "h(n,  J)  •  to  read  "h^(n,  J)  » 

bottom 

Page  17,  Change  "  |e(Q,  ^) |  "  to  read  "  le-(e,  |)  | "  in  caption  and  in 
designation  of  vertical  ordinate. 


New  To  lie  University 
Washington  Square  College  of  Arts  and  Science 
Mathematics  Research  Group 

Research  Report  No,  EM-52 


DIFFRACTION  BY  A  TIPPED  WEDGE 
With  Applications  to  Blunt  Edges 

by 
Sm  KARP 


Sara  Karp 


Project  Director 


The  research  reported  in  this  document  has  been  made  possible 
through  support  and  sponsorship  extended  by  the  Geophysics 
Research  Directorate  of  the  Air  Force  Cambridge  Research  Center, 
under  Contract  No.  AF-19(122)-U2,  It  is  publi^ed  for  technical 
information  only,  and  does  not  necessarily  represent  recommen- 
dations or  conclusions  of  the  sponsoring  agency. 

May,  1953 


Table  of  Contents 


Abstract 


Section 


Page 


1 .  Introduction  1 

2.  Formulation  and  Solution  of  the  Problem  3 

2.1  Statement  of  the  Problem  3 

2.2  Eigenseries  Solution  for  Plane  Wave  and  Line 

Source  Excitation  of  W^  6 

a 

3.  The  Far  Fields  for  a  Plane  VJave  Incident  on  a  Cy- 
lindrically  Tipped  Wedge  10 

3.1  The   Far  Field  Expressions  for  E,    and  H,  10 

3.2  The   Far  Field  Expressions  for  E^  and  H^  12 

Graphs  16 

References  17 


-  1 


ABSTRACT 

The  problem  of  the  diffraction     of  electromagnetic  waves  by  a 
cylindrically  tipped  perfectly  conducting  wedge  under  plane  wave  or  line 
source  excitation  is  treated.     Mathematically,  this  reduces  to  the  problem 
of  finding  a  solution  of  the  two-dimensional  time-reduced  wave  equation 
which  either  vanishes  or  has  a  vanishing  normal  derivative  on  the  surface 
of  the  tipped  wedge  depending  upon  Aether  the  electric  vector  or  the  mag- 
netic vector  is  normal  to  the  plane  of  incidence.     Series  representations 
of  the  solutions  are  obtained  in  all  cases  in  terms  of  the  eigenf unctions 
of  the  simple  wedge  problem  {vheve  the  radius  of  the  cylindrical  tip  is 
zero).     The  far  field  expressions  for  the  case  of  the  cylindrically  tipped 
wedge  vinder  plane  wave  excitation  are  obtained  for  both  polarizations. 
Graphs  of  the  net  scattered  amplitude  are  given  for  the   special  case  of 
normal  incidence  on  a  half-plane  with  a  cylindrical  tip  of  radius  a  =  k     , 
k  being  the  wave  number. 
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1.     Introduction 

This  report  treats  the  two-dimensional  problems 
arising  from  the    diffraction  of  electromac-netic  waves  by  a  perfectly  con- 
ducting cylindrically  tipped  wedge   (cf.  Figs.  l-(a)   and  l-(b))  under  plane- 
wave  or  line-so\irce  excitation.     Mathematically  this  reduces  to  the  problem 
of  finding  a  solution  of  the  two-dimensional  time-reduced  wave  equation 
which  either  vanishes  or  has  a  vanishing  normal  derivative  on  the  wedge 
depending  upon  whether  the  electric  vector  or  the  magnetic  vector  of  the 
exciting  field  is  normal  to  the  plane  of  incidence.     The  solutions  for  the 
special  case  where  the  radius  of  the  cylinder  is  zero  are  the  well-knoim 
Soramerfeld  solutions  for  the  wedge   (See    [l]  pp.   808-853  and   [2]   pp.  92U-931). 
The  solutions  for  the  general  case  of  the  cylindrically  tipped  wedge  are 
obtained  by  assuming  each  solution  to  be  the  sum  of  the  corresponding 
Sommerfeld  solution  for  the  simple  wedge   and  a  perturbation  arising  from 
the  cylindrical  tip.     After  transforming  to  cylindrical  coordinates,  writing 
both  the   Sommerfeld  solution  and  the   corresponding  perturbation  fields  in 
terms  of  a  series  of  eigenf unctions  in  the  simple  wedge  geometry  and  then 
equating  coefficients  of  the  fomier  field  to  those  of  the  latter  on  the 
surface  of  the  cylinder,  we  obtain  the  eigenfunction  expansion  of  the  per- 
turbation field  and  hence  of  the  total  field.     Thus  we  have  a  modified  Sommer- 
feld problem  for  which  we  can  obtain  a  solution  which  holds  for  all  angles 
of  the  cylindrically  tipped  wedge,   and  in  particular  for   ohe  case  of  the 
cylindrically  tipped  half -plane.      The  eigenfunction  series  forms  of  the 
total  fields  for  plane-wave   and  line-source  excitation  are  given  for  both 
polarizations  and  for  any  wedge   angle,   but  computations  of  the   far  field 
patterns  are  confined  to  the   case  of  the   cylindrically  tipped  half -plane. 
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Graphs  are  given  of  Lhe  net  scattered  amplitudes  in  regions  other  than  the 
transition  regions  for  the  case  -where  the  incidence  is  normal  to  the  half- 
plane  and  the  radius  a  of  the  cylinder  is  such  that  ka  =  1. 

One  might  conjecture  that  for  suitably  chosen  values  of  ka 
the  diffracted  field  resulting  from  a  cylindric-lly  tipped  half-plane 
could  be  employed  to  describe  the  field  resulting  from  diffraction  by 
bodies  not  well  represented  by  the  perfectly  thin  :Jid  sharp  half-plane 
of  Sommerf eld's  theory.  The  author  brought  this  possibility  to  the 

■JKr 

attention  of  Mr,  R.V.  Row   ,  who  was  engrged  at  the  time  in  making 
microwave  messurements  on  the  effect  of  thickness  of  the  half-plane 
on  the  field  in  the  neighborhood  of  the  shadow  line  of  the  norraally 
incident  plane  wave.  Row  made  measurements  on  the  electric  field  due 
to  a  hclf-pl:,ne  which  is  thin  ccmp;red  to  the  wavelength  sjid  which  has 
a  cylindrical  tip  of  diameter  D.  He  also  made  measurements  on  the  field 
due  to  diffraction  by  a  screen  of  thickness  D  and  compsred  the  results  for 
the  typical  cases  C  =  f  snd  D  ■  n  with  the  electric  field  which  he  computed 
using  the  present  theory  for  the  half-plane  with  a  tip  of  diameter  D,  His 
results  were  published  recently  as  part  of  a  paper  on  microwave  diffrac- 
tion measurements  on  a  parallel  plate  region  £?]  5  there  appears  to  be  some 
agreement  with  the  theory  for  the  region  of  space  he  considered. 

It  should  be  mentioned  that  the  case  of  a  160  wedge  angle,  i.e., 
the  case  of  an  infinite  plane  surmounted  by  a  ridge  of  semicircular  cross- 
section  has  been  treated  by  Rayleigh  [3],  and  subsequently  and  independently 
by  Tai  [h]   and  Twersky  [5].  Moullin   [6]  not'- d  that  in  the  case  of 

■»•  The  transition  regions  are  anfnilar  regions  about  the-  shadow  lines  of  the 
incident  and  reflected  waves  occurring  in  this  case  at  6  =  270o  and  ©  =  yO° 
respectively  (cf.  Fip.  l-(a)  and  l-(b)  for  T  =  0). 

-)Hir   In  response  to  a  query  concernin?  &   cercain  work  involving  the  diffraction 
of  a  thin  plane  of  rectangular  cross-section. 
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wedge  angles  of  the  form  n/n  (the  angle  Y  in  Fig.  l)  the  well-known  solu- 
solution  by  images  for  integral  values  of  n  csn  be  extended  to  the  case 
where  there  is  a  cylindrical  tip.  He  correctly  assiimes  the  solution  to 
hold  ilso  for  non-integral  n,  for  instance  for  n  =  ^  wliich  corresponds  to 
the  angle  2n,  i.e.,  to  the  hslf-plane.  The  present  solution,  obtained 
independently,  may  be  regarded  as  a  generalization  for  a  more  general 
wedge  angle  using  only  elementary  means. 

2,  Formulation  and  Solution  of  the  Problem 

2,1  Statement  of  the  Frcblem 

Let  W  be  a  perfectly  conducting  solid  wedge  with  a  cylindrical 

cL 

tip  of  radius  a.  Its  surface,  S  ,  is  composed  of  two  plane  surfaces,  say 

1      2 

L  and  L  ,  and  the  cylindrical  tip  C  .   In  terms  of  the  cylindrical  coordinates 
a     a  3- 

X  =  pcosO 

^^•■•■^  y  =  psinO 


S,  may  be  characterized  analytically  by  the  following  relations: 


a 


where  for 


1  2 

Sa  »  L     +  C     +  L     ; 
a         a         a  ' 


L     ,  ©  =  0,  p  >  a,    -00  <  z  <   00, 

cL 


for 

(2.2)  C,p  =  a     0<©<2n-Y,     -oo  <  z  <    oo. 


and  for 


2 
L  ,     &  =  2n  -  Y,   p  >  a,     -oo  <  z  <   oo, 

3. 


The  wedge  angle  Y  may  have  any  value  in  the  range  o  <  Y  <  2n, 
In  figures  l-(a)   and  l-(b)  we  have  depicted  the  X-  Y  cross-section  of  this 
wedge.     On  settinp  a  =  0   in  Eq,    (2.2)   it  is  clear   that  S     reduces  to  the 

3. 
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Fig.  1(0) 


DIRECTION   OF   INCIDENT 
PLANE    WAVE 


Fig,  I  (b) 
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surface  S     =L     +C     +L, i.e.,  to  a  simple  wedee   surface  whose  leading 
o  o  o  0 

edge  is  parallel  to  the   Z-axis« 

Since  we  shall  ultimately  excite  the  wedge  by  a  plane  wave  or 
cylindrical  wave  which  has  a  time-dependence  of  e         and  no  z-dependence, 
we  may  assume  that  all  vectors  in  the  following  considerations  have  the 
time-dependence  e         and  are  independent  of  z.     Letting  E(x,y)e         and 
H(x,y)e'''"    be  the  total  electric  and  magnetic  field  vectors  respectively, 
we  obtain  for  Maxwell's  equations  in  free  space 

VxE  +  — H-0, 

VxH-  —  E  =  0. 
c 

Furthermore,  since  the  wedge  is  a  perfect  conductor  the  boundary 
conditions  become 

(2.I4)         E  X  n  »  H  X  n  =  0  on  S  , 

where  n  is  the  unit  normal  to  S  .  Nov  any  solution  of  Eq.  (2.3)  may  be 
written  in  the  form 

E  =  E  z  +  e" 
z  o 

(2.5)  .     .    .n 

H  -  H^  z^  .  H  , 

where  the  vectors  E  z  (H  z  )  and  1"  (h")  are  parallel  and  perpendicular 

z  o  z  o 

to  the  Z-axis  respectively  (z  is  a  unit  vector  parallel  to  the  z-axis).  If 
in  addition  E  and  H  satisfy  the  boundary  conditions  (2.)4)  then,  employing  the 
usual  vector  methods  one  can  easily  verify  that  S,  H  may  be  obtained,  in  ac- 
cordance with  prescription  of  Eq,  (2.$),  by  superposing  the  solutions  E^  z^, 

h"^  and  E°,  H  z  of  the  following  two  boundary- value  problems  respectively: 
z  o 


(2.6) 


and 


(2.7) 


-  5  - 
2  2 
1  +  —±  +  k^E     =0;  k^  =  co^ne 

2^  -  0     on  S^, 

o  z 

1C06 

2  2 

—r*—r^  k^H  -  oj 

ax""       ay^  2 

an^ 

^~  =  0  on  S  , 
on  a' 

E     »  z     X  V  H      • 

.0  Z 

It  is  clear  therefore   that  the   solutions  E     and  H     of  the   first 

z  z 

two  equations  of  Eq.   (2.6)    and  E.,.    (2.7)   respectively  determine  the  entire 
electromacrnetic  field. 

In  what  follows  we   shall  assume  either  plane-wave  or  line-source 

excitation.     In  the  case  of  plane-wave  excitation  we  suppose  E     and  H     to 

z  z 

be  of  the  form 

ikpcos(0-ft   ) 
^2  "  6  +  scattered  wave 

(2.3) 

ikpcos(©-Q   ) 

^2  "  ®  ■*■  scattered  wave, 

where  ©^  is  the  ang^alar  direction  of  the  ray  from  the  origin  to  the  source 
at  infinity  as  measured  from  the  positive  X-axis,  [cf.  Fig.l-(a)].  In  the 
case   of  line-source  excitation  we   shall  assume 

(2)         /~2 — 2 — ' 

^z  °  ^o     ^^^^  +Po-2p  pcos(e-Q   )    )   +  scattered  wave 

(2.9) 

(2)     r2 — 2 

^z  "  "o      ^^^P  +pQ-2p^pcos(9-0^)    )   +  scattered  wave, 
where    (^^,9^)   p^  >  a,   are   the  polar  coordinates  of  the  line  source    [cf .Fig.l-(b)] . 
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In  all  cases  we  shall  require  that  the  scattered  waves  satisfy  the 

radiation  condition  at  infinity. 

In  the  following  sections  we  shall  drop  the  subscript  in  E  (H  )  and 

z       z 

write  E,    (H, )  or  Ep  (Hp)   depending  upon  whether  we   are  dealing  with  the  case 

of  plane-wave  or  line-source  excitations, 

2,2     Eigenfunction  Series  Solution  for  Plane-Wave  and  Line-Source 

Excitation  of  W 
a 

To  obtain  eigenseries  solutions  for  the  various  problems  posed 
in  the  previous  section  we  decomposes  each  solution  into  the  sum  of  two  parts: 

(a)  the  solution  of  the  simple  W  -  wedge  problem  for  the  corresponding 
boundary  condition,  and 

(b)  the  perturbation  of  the  field  caused  by  the  cylindrical  tip.  Thus 
we  write 


(2.10) 


E.  -  e5  .  eP  J  =  1,2 


H.  =  H°  =  rP  j  =  1,2, 

J        J         w 


•where  E°  ,  H°  are  the  solutions  for  the  simple  wedge  problem  and  v^iere  E^, 
rP  are  the  perturbations  arising  from  the  cylindrical  tip.  Now  the  solutions 

J 

£°  and  H^  of  the  two-dimensional  time-reduced  wave  equation  which  satisfy  the 
prescribed  boundary  conditions    (cf .Eqs.    (2,6)    and  (2.7)3   ^^y  ^®  obtained  from 
the  well-known  Sommerfeld  solutions  for  the  wedge    [cf,($),   chap.  XX] •     For 
the  case  of  plane-wave  excitation    [cf .  Eq.   (28)^     the  solutions,  in  eigenseries 

form,  are  cxd       i  ii  " 

< (^»^)   =  ^  E     e     ^  ^  J   (kp)sin  5  0  sin  ^,  0  <  0  <  2T,  -  Y, 

^'•"'^  J     ,nn 

H°(r,e)  =  I  J^(kp).  ^  ^    e     Y  ^  cos  ^  Q^cos  f,        0  <  0  <  2Tt  -  Y, 


where 
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(2.12)  Y  -  ^  ,       0  <  T<  2n. 


For  the  case  of  line-source  excitation    [cf  .Sq.(2.9)]   the  solutions 
for  0  <  ©  <  2n-Y,   in  eigenseries  form,    are 


E°  -  ^  7"  H^^^(kp  )J  (kp)sin  -©sin-e,  0<P<P. 

'    n=l  —  —  '  ' 

Y  Y 


Eo  =  -  F     J  (kp   )H^^^(kp)sin  ii  ©  sin  -  e,  P  >  PqJ 

2       Y     _i      n       o'  n         ^  Y     o         Y 


(2.13) 


11 

— 

Y  Y 


00 


.0  _  2  „(2),,„   ,,  ,,,    .    ^  U^^(2) 


H°  -  -  H^'^^(kp   )J  (kp)   +  ^  r  H^^^Ckp   )J  (kp)cos^  cos^,  P  -^  pQ 

2       Y     0         "^o     0  Y  ^-.   n  o'  n  Y  o       Y 

Y  Y 


^  n=l  - 


H°  =  -  J  (kp  )H^^\kp)   +  ^  r     J  (kp   )H^^^kp)cos2©  cos^,  P  >  P., 

2       Y     o       o     o  Y     _T      n       0     n  Y  o       Y  ° 

""       Y  Y 


where  y  is  defined  in  Eq,   (2,12). 

Equations   (2.11)   and  (2.13)  may  be  written  in  the   form 


00 


E°(p,©)   =  r     e   (p)sin  H  Q  sin  2^  ,  0  <  ©  <  2n-I,  0  <  p  <  <») 

(2.1U) 

n© 
Y 


H°(p,e)  =  r"     h   (p)cos  -  6  cos  —  0  <  ©  <  2n-Y,   0  <  p  <  oo 

1     '  * —       n  YOY  """  '       —  ^ 


n=o 

where  e   (p)   and  h  (p)   are  the  appropriate  functions  of  p  and  depend  upon  the 
nature  of  the  excitation.     Although  we  shall  confine  ourselves  to  the  case 
of  plane  and  line-source  excitation,   it  should  be  mentioned  that  the  deriva- 
tion of  the  perturbed  field,  vdiich  follows  below  is  valid  even  when  e     and  h 
are   due  to  a  general  cylindrical  source  having  the   appropriate  polarization, 
or  to   a  combination  of  such  sources,   provided  only  that  e    (p)    and  h  (p)   are  the 
functional  forms  which  are  relevant  for  a  <  p  <  R,  where  R  is  the   distance 
from  the  origin  to  the  nearest  source. 

It  i£  now  an  easy  matter  to  find  the  eigenseries  expansions  for 

the  perturbation  fields  E^  ahd  H^   ,   j   =  1,2.     Let  us  write 

J  J 
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00  r „ \  nO 


eP  =  ^     a^  H^^^kp)sin  -^  sin  2£,  P  >  a,  0  <  0  <  2u-T, 


n^l     "     -  Y  Y 


(2.15)  ^ 

00  nQ  ^ 

hP  -  r    b     H   (kp)cos  — °  cos  2®  p  >  a,  0  <  e  <  2ti-Y 

T.^—       nnv  Y  ~ 

n=o  -  '  ' 

Y 


(2) 
vrtiere  H       (z)  is  the  Hankel  function  of  the  second  kind  and  is  of  order  m. 

m 

Since  we  have  assvjned  the  time  dependence  e    and  since 

^i'^^^)--/!^^  [-i(z-^)],  |z|->oo, 
each  term  in  the  series  expression  for  Ep  (H?)  represents  an  outgoing  wave 

at  infinity.  It  is  clear  now  that  eP(   ^  )  vanishes  on  the  planar  portions 


1     2 
of  S  ,  i.e.,  on  the  surfaces  L  and  L  .  In  order  that  the  total  field 
a'  a     a 

BE. 
Et  i-^)   vanish  on  the  cylindrical  tip  C^,  i.e.,  on  the  surface  determined  by 

(2.16)        p  =  a,  0  <  ©  <  2TI-T, 

one  need  only  equate  coefficients  in  like  terms  of  E?  (gp-)  and  ^^"aF  ^  ^°^ 

p  =  a.  The  results  are 

e  (a) 

a^  =  -  -r^T ,    n  -  1,2,... 

H;"^(ka) 

Y 
(^.17)  ,    /    ^ 

b  =  -  h^(a)  /h^^^(z) 
n     n^   /  n 


,  n  =  0,1,2,...  >' 
z  =  ka 


The 


expressions  for  E^  and  H^  therefore  become 


E?  =  -  -  r 
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n     '      W    Y 


(2.18) 


HP 


Y     0 


„(^)„p).^f  .^5VM 


Y 


n=l 


n 


(z) 


nQ 


p  >  a 


z  =  ka 


7 


H^^)(kp)cos  ^  cos  2®, 
n  Y  y  * 


p  >  a. 


Since   the  general  terms  in  the   series  expressions  for  E^  (H^) 
satisfy  the  wave  equation  it  is  clear  that  the  total  fields  of  Eq.    (2. 10) 
constitute   solutions  of  this  equation  which  satisfy  the  prescribed  boundary 
conditions. 

For  the  case  of  line-source  excitation  we  have,   corresponding  to 
E4.   (2.18),  the  result 


U^.(2) 


/&  (ka) 
'  n 


(2), 


(2.19) 


="-?So«n''^^'fc:«r<-'-?v-?«. 


(ka)l 
n     ^      7    Y 


Y 

j:(2) 


Y     o  ^o'\~^ 


H 


(z) 


^JJ,(z) 


U^.(2), 


z=ka/     """=1  K^ 

H       (.kp;cos  cos  —  , 

n  Y  Y     » 


z=ka 


\ 
7 


p  >  a 


p  >  a. 


In  our  investigations  of  the  far  fields  we  shall  be  particularly 
interested  in  the  case  where  the  wedge  reduces  to  a  half -plane  with  a  cy- 
lindrical tip.     If  we   set  T  =  0,   the  parameter  y  =  2n-Y/ii  becomes  y  "  2. 
Inserting  this  value  for  y  in  Eq,    (2.16)  we  have 


-  10  - 


^l- 


J  (ka) 
.nn   n 

o  V-  ^"H"   ?      1,(2)/,  X  .  "'o  .  n© 
'2  l_  e   ^      -7^ HJ;  '(kp)sin  -5-  sin  -^  , 


(2.20) 


jP  = 


H!(ka)    I 


ne 

c 
2 


n 
2 


J'(z) 
.nn  n^  ■' 

z=ka^   °        n=l     Tir''  (z) 


n 
2 


ne 


t,(2)/,  ,    ""o     n9 
H^  '(kp)ccs  -^  cos  y  , 


p  >  a 


z«ka 


) 


p  >  a. 


3.  The  Far  Fields  for  a  Plane  Wave  Incident  on  a  Cylindrically  Tipped  Wedge 
3,1  The  Far  Field  Expressions  of  E?  and  H-. 

In  this  section  and  the  following  one  we  shall  determine  the  far 
field  behavior  of  the  cylindrically  tipped  wedge  under  plane  wave  excitation. 
The  procedure  employed  may  also  be  used  in  the  case  of  the  wedge  W  under 
line-source  excitationj  however  we  shall  not  consider  this  case  here. 

The  computation  of  the  far  fields  of  E,  and  H,  reduces  in  principle  to 
the  computation  of  the  far  fields  of  E^  and  H^  since  the  desired  expressions  for 
E°  and  H°  have  been  repeatedly  given  and  discussed  in  the  literature.  In  this 
section  we  collect  those  far  field  formulas  for  E,  and  H,  which  are  useful  for 
our  purposes. 

For  any  angular  direction  &  ,  0  <  ©  <  2n-Y  of  the  source  at  infinity, 
the  far  fields  of  E,  and  H,  may  be  written  in  the  form 


E,  =  v_(kp,Q-0^)  -  VQ(kp,©+6^)  +  plane  waves 


(3.1) 


%  "  ^3^^'^»*"^o^  *  Vg(kp,»+8^)  +  plane  waves, 
where   (cf,    [2]  p. 926) 
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(3.2)         V  rkp,?,  .    1    finVr.    /"*'  .-^"^""^^  dp  * 

3        "  2ni        Y  i/  .  ,  r,  > 

-ico-e  cos(Ti/n-cos|(p+52f)/Y| 

the  parameter  e  being  any  angle  between  zero  and  n.     The  plane  wave  portions  of 
Sq.   (3.1)   consist  of  the  incident  wave  and  the  reflected  waves  which  appear  as 
expected  from  considerations  of  geometrical  optics.     Thus,  for  example,  when 
n-Y  <  Q^  <  n,  there  appear  two  reflected  waves,  one  from  th^  upper  surface  and 
one  from  the  lower  surface  of  the  wedge.     Employing  the  method  of  steepest 
descent,   one  then  has 

-i(kp+  |) 
(3.3)  Vg(kp,9f)A.    £ ^i"  Vy 

^/^^  Y(cosn/Y  -  cos9>/y) 

whenever 

(3.U)  kp(cos  -  -  cos  ^)     »  1. 

Y  Y  ' 

i.e.,  whenever  gi  is  not  in  the  neighborhood  of  m.     Substituting  the  relation 
(3.3)   into  Eq.   (3.1)  we  then  have 
-i(kp-^) 


E,-? —     s^""/Y 


(3.U) 


Y      Y        Y      Y 


+plane  waves 


-i(kp*J)        r 

1  ^^^  Y         ;     T=Q-^ ^^^^Plane  waves, 

[  cos  -  -C0S(---)  COS  -  -cos( -)} 

Y       Y        Y       Y 

In  particular  for  the  case  of  a  half -plane  (i.e.,  when  y  =  2)  we  have 


*  With  Vg  in  this  form  one  can,  by  shifting  contours  properly,  arrive  at  the 
well-known  Sommerfeld  integral  solution  for  E^  and  H^.  From  this  form  of  the 
solution,  following  the  method  in  [ij,  pp.838-839,  one  obtains  easily  the 
Bessel  function  expansion  of  Eq,   (2.11), 
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(3.5) 


EL,  A/  - 


E^rv- 


-i(kp+  J) 


©-© 


©+«. 


2/2nkp 
-i(kp+  J) 


2/2nkp 


sec(-^ — )  -  sec(-2 — ) 


sec(-2 — )  +  sec(-^ — ) 


+  plane  waves 


+  plane  waves, 


3 . 2     The  Far-Field  Expressions  for  E^(r,&)    and  H^(r,6) 

In  this  section  we  write  the  far  field  expressions  for  E£(r,&)   and 
H^(r,©)   in  a  form  suitable  for  coraputation . 

First  of  all  for    |z|  >  1  and    |z|  »  in  we  have 

(3.6)  Hi^^(z)~/|^    exp[-i(z-  ^Tt)],   z  ->oo. 

Substituting  into  both  expressions  of  Eqs.   (1.18)   and  rearranging 
terras  we  get 

00     i^      ii  n© 

eP^-  -1 exp[-i(kp+  rM^^H  ^  ^     4- 

^       Y  V?^  ^  ■      n^i         a'^i 


(3.7) 


(ka) 


0     .   n© 
sin siift —   ; , 


hP--  -^:—^  exp[-i(kp.  5)l|ui%^ 


J'(z) 
.nn       n 
00     i —      - 


,      n=l  H^^ 


n© 


z=ka 
n© 


cos   COS 

Y  Y 


n 

Y 


(z) 


p  >  a 


z=ka 


p  >  a 


at  least  when  ka  is  sufficiently  small  to  insure   the  negligibility  of  the  terms 
in  which  n  is  large. 

In  particular  for  the  case  of  the  cylindrically  tipped  half -plane  we 
have,  on  setting  y  =  2  in  Eq.   (3.7), 
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eP~-5— 


-i(kp+^) 


(3.8) 


H?^-* 


2  /2nkp 

-^^^p"!^  r  j'(z) 


J^(ka) 


n=l         H^'^'' 


2  /Jiikp 


Ui- 


Hf^ 


n 
Y 


z=ka 


(ka) 


o      .      n© 
sin  -^  sin  -s- 


j:(2) 


00 


n 


n     7 


^8ii:     i     -72)— 
n=l         H^'^^z) 


z=ka 


P  > 


ne  ^ 

0         n© 
cos cos —   I , 

2  2    " 


p  >  a. 
In  what  follows,   since  we  shall  confine  our  computations  to  the  case 
of  the  cylindrically  tipped  half-plane,  we  shall  only  consider  Eqs,   (3.5)   and 
(3.8).     From  these  equations  one  sees  that  the   far  fields  of  E,    and  H,    are  of 
the   form 


(3.9) 

where 
(3.10) 


E,    V  A(p)e-(©,&   )   +  plarie  waves 
H,  ■^  A(p)h,  (©,e   )  +  plane  waves, 


A(p) 


-i(kp+  ^) 


2  /?nkp 

Our  aim  is  to  compute  |e,  (©,©  )  |  and  |h,  (©,©  )  |  for  ©  ■  -k.     To  this 

end  we  must  first  compute  the  quantities  Re(E^/A(p)),  Re(H^/A(p)),  Im(E^/A(p)) 
and  Im(H^/A(p)).  With  these  computations  performed,  |e, (©,^)  |  and  |h, (©,^) | 
may  be  expressed  as 


^i(e,5)l=y[ 


e-^ 


|e,(e,^)|=  |/[lm(^)3'  .    [He(^)   -   secC-^)-  sec(-^)  J 


(3.11) 


IhiC^.J)  h  V[I"'(^)]^  - 


L^^^lt^^   *  sec(-2£)  *  sec(-^)  ]      . 


(3.12) 


i-P    CuPl 


To  express  E^  (H^)   in  its  real  and  imaginary  parts  we  proceed  as 
follows:     We  write 


H^^^q)    -    J^(q)   -   i  N^(q) 
?  7  ? 

H^^^'(q)    -   J;^(q)    -  i   N;^(q). 


-  lU  - 


Now 


arctan  q  ■  ^^  -  arctan  —  ; 


and  hence  on  setting 


(3.13) 


we  get 


(3.1U) 


5  (q)  =  arctan 
n  ^ 


6'(q)  ■  arctan 


2 

Nj;(q) 

2 

arctan  - 


arctan  - 


Nj;(q) 

j;(q) 

2 

I  -  6^(q)  B  V^(q),  n  -  1,2, 


J  -  Sj^Cq)  =  v)^(q),  n  -  1,2,.- 
2       2 


It  follows  that 


J  (q) 
n  ^ 

—n^ »  COS  y„(q)  [cos  0„(q)  -  i  sinV^Cq)] 


(3.15) 


sin  6^(q)[sin  5j^(q)  -  i  cos  6^(q)3 
2        ?  ? 


JA(q) 

2  _ 

/oSt —  "  sin  6'(q)  [sin  6'(q)  -  i  cos  6«(q)J, 


Thus  on  setting 

(3.16)  ka  -  q. 


we  have  for  0  <  ©  <  2n, 
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^®   ^aTFT^  -  M  ^  (-l)''sin252^_^(q)sini^  »o^^"^  ^ 


l^ 


^1  -2 

00 


,  ,  +  YZ  (-1)   sin5^(q)cos5j^(q)sinrt&^sirm© 


and 


Im  (j^p-y)   =  8  nl  (-1)  sin'^5^(q)sinne^sinn© 

-  ^  (-1)    sin52^_^(q)cos62^  -j^(q)sin-2^  e^sin-^  6 
n=l  -f-  -2=- 

Re   (jX)   =  Usin6^(q)cos5^(q)   +8  Ij^  i-lfs±n^6^^  ^  (q)cos^^os^Y^  0 

[n=l  -f^ 

+  y  (-l)"sin6'(q)cos5'(q)cosn©  cosn9 
t— ^     '  n  n  ^  o 

(3.18)  ""-^ 

Im  (77-^)   -  Usin  5^(q)   +8  -j^  (-1)   sin  5^(q)coEn9^cosne 

n"l 

-  Yi  (-l)"sin5'2^  ^(q)cos6^^  j^(q)cos  '^"     O^cos-^  »    ^  . 
rx=l  -f-  -^ 

Graphs  of  the  net  scattered  amplitudes    |h^(G,-^)|   and   |e,  (6,p)|   are 
given  on  pages  (16)   and  (17).     The  dotted  curves  represent    |h,  (e,'x')  |   and   |e,  (©,'^)  | 
when  the  radius  ka  of  the  cylindrical  tip  is  zero  and  the  full  curves  represent 
these  values  for  ka  =  1.     Note  that  the  differences  in  the  pattern  of  h,(©,-x') 
for  ka  =  1  and  the  corresponding  one  for  ka  »  0  are   greatest  in  the  vicinity  of 
0=0     and  9  =  I80    .     In  particular,  for  these  angles,    jhCnj^K^)  |   is  zero  for  ka  = 
0  whereas  for  ka  =  1  it  is  approximately  2,     In  the  case  of    |e, (9,^)  |  it  appears 
that  at  ft  =  120    ,    [e,  {-r  n,  -x)  \  is  appreciably  less  for  ka  =  1  than  it  is  for 
ka  »  0.     The  graph  on  page  (l?)  gives  the  behavior  of  e.    (0,  "I)   about  0  =  ^  n  . 
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Azimuthal    Variation  of  the 
Absolute  Value  of  Diffracted 
Field      |e,  (d,-|)    ,  for 
Electric  Vector  Parallel  to 
Half  -Plane. 
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e(^,f) 


Graph    of   |e(^,-|- )  |  in    the 
Neighborhood    of     112 


100     104        108        112 


116        120       124 

Degrees 


128       132       136      140 


ACKNOWLEDGEMENT 
The  author  wishes  to  thank  Dr.  Jack  Bazar  for  his  assistance 
in  the  preparation  of  this  manuscript. 


zimuthal  Variation  of  the 
bsolute    Value  of  Diffracted 

ieid,  |h,  (d,y)|,for  Magnetic 
ector  Parallel  to  Holf-Plane 


1«< 


^e^ 


260 


/ 


17a 


6 
4 


l\ 


;  / 


i\ 


4 
6 


'80' 


■►0 


direction 
of  incidence 


e- 


untipped   half    plane,  ((q  =  0, 
tipped  half    plane,  kg-i, 


',}       I ' 


-  18  - 


References 


[l]  Frank,  P.  and  v,  Mises,  R. 

Differential-und  Integralgleichungen  der  Mechanik 
und  Physik,  Vol.  II,  Second  Edition,  Vieweg  and 
Sons,  Braunschweig,  1935 

[2]  Pauli,  W. 

On  Asymptotic  Series  for  Functions  in  the  Theory 
of  Diffraction  of  Light,  Phys.  Rev,,  V.  5U, 
pp.  92ii-93irT93B 

[3]  Rayleigh,  J.W.S. 

On  Light  Dispersed  from  Fine  Lines  Ruled  Upon  Re- 
flecting Surfaces  or  Tr&Jismitted  by  Very  Narrow 
Slits,  Phil.  Mag.  V.  lU,  p.  330,  1907 

[U]   Tai,  C.T. 

Reflection  of  Plane  Electromagnetic  Waves  From  a 
Perfectly  Goniuctlng  Grounded  Half-Cylinder, 
Technical  Repoirt  No.  UO,  Gruft  Laboratory,  Harvard 
University,  Cambridge,  Mass.,  19U8. 

[5]  Twersky,  V. 

On  the  Nonspecular  Reflection  of  Electromagnetic 
Waves,  T.   Appl.  Phys.  V .  ^2,  p.  b2b,  19b'l 

[6]  Moullin,  E.B, 

Radio  Aerials,  Oxford:  Clarendon  Press,  19U8 

[i]     Row,  R.V. 

Microwave  Diffraction  Measurements  in  Parallel- 
Plate  Regions,  Technical  Report  No.  1^3)  Cruxt 
Laboratory,  Harvard  University,  Cambridge,  Mass., 
1952. 


